The optical properties of liquid xenon (LXe) in the vacuum ultra violet (VUV), determining the performance of a scintillation calorimeter, are discussed in detail. The available data, measured in a wider spectral region from visible to UV light, and in a large range of Xe densities, from gas to liquid, are examined.
INTRODUCTION
AN 800-liter LXe (liquid xenon) scintillation γ-detector is being developed for the MEG experiment, which will search for the μ + →e + γ decay at the Paul Scherrer Institute [1] .
The MEG calorimeter is designed to achieve superior performances such as ΔE γ = 4% for the γ-energy, a position resolution Δx γ ≈ 5 mm, and Δt eγ = 150 ps for timing, where Δ stands for the FWHM resolution. The LXe calorimeter is only based on scintillation light without any attempt to measure ionization. The final detector will have an active volume of 800-liter LXe and 800 PMTs. Since no such large size LXe detector was ever produced, smaller prototypes were made to gain a know-how in LXe calorimetry. The first prototype had an active volume of 2.34 liter LXe and 32 PMTs [2] . A second prototype has an active volume of 68.6 LXe litres and it is an important milestone in view of the final detector, since it allows to gain a practical knowledge of the behaviour of such a device. Above all, the purification of LXe and the longterm stability are essential for ensuring a high light yield and a high performance of the detector. The optical properties of xenon in the VUV, where it emits when excited by ionizing radiation, determine the performances of the calorimeter. These properties are not very well known for LXe. Measurements are difficult and experimental results are often not fully compatible. As it will be discussed in detail in the next sections, extensive measurements are available for gaseous Xe at various pressures, many in the visible region and some in the UV. The present note critically examines the experimental data. It discusses the limits in thermodynamical variables like temperature, pressure, density, etc. within which Xe can be described by a simple approximation of a more general expression valid for generic fluids. It discusses how and up to which point measurements, different from the ones in the VUV for LXe, can be used to gain insight on optical properties of interest for scintillation calorimetry.
PROPERTIES OF LXE OF INTEREST FOR A SCINTILLATING CALORIMETER
We list in Tables 1 and 2 quantities relative to xenon which are of interest for its use in an experiment. Reference is made to the sources of this information.
LXe has interesting properties as a scintillating detector medium. It has high density and high atomic number, it § competes with inorganic crystals like NaI in the number of photons emitted per MeV, it has a fast response, it allows pulse shape analysis and particle identification. The light emission is in the VUV. The scintillation mechanism, which involves excited atoms Xe * and Xe + produced by ionizing radiation, can be summarized as follows: 
where hν is the ultraviolet photon. A remarkable feature of these processes is the close similarity between the emission of gaseous and condensed pure noble gases. Such a behaviour is basically due to the fact that in both cases the last relaxation step before the radiative decay is the formation of an "excimer-like" state. This peculiarity is a strong hint at expecting that noble liquids are transparent to their scintillation light, since the emitted VUV photons have an energy which is appreciably lower than the minimum one for Xe atom excitation. Liquid rare gas scintillation detectors were the subject of recent reviews [10] . The main properties of LXe we listed in Table 2 are the ones we are presently using in the Monte Carlo simulation of the MEG experiment.
Although an appreciable number of projects is based on the future use of large volume LXe detectors, only a few, rather small size, LXe detectors were really used in experiments [15] . The actual behavior of a large size LXe calorimeter, namely: the quality of its energy measurements and the determination of the event position and timing, directly depend on the transmission of the emitted photons through the detector medium. One can introduce the quantities λ att , λ abs , λ dif , where λ att enters the expression for the light attenuation in LXe, I(x)= I 0 exp(x/λ att ) and the three characteristic lengths are related by: 1
λ att corresponds to a real absorption of photons, which are then lost for good. λ dif is related to photon elastic scattering and it can be assumed to coincide with λ R , the Rayleigh scattering length. Also relevant is the knowledge of the index of refraction n in the region of Xe VUV light emission. The experimental knowledge of the quantities λ att , λ abs , λ dif , and n for pure LXe is not satisfactory. Measurements in the VUV are difficult and can be influenced by spurious systematic effects, as discussed for instance in [10] . λ abs has not been determined yet. A significant lower limit was recently established by us [1] . Several measurements of λ dif and n are available, but they differ by amounts often larger than the stated errors. It should be noted that in the separate determination of λ abs and λ dif , the linear dimension of the LXe cells must be at least comparable with the value for the λ-parameters, if one aims at obtaining reliable measurements. A possible explanation of some of the discrepancies among the available experimental data may be connected with the degree of purity of the LXe. Small amounts of VUV absorbing substances like H 2 O or O 2 at the level of a few parts per million, can dramatically change LXe optical [14] parameters. No safe determination of optical parameters can leave aside monitoring the level and the stability of the Xe purity. While experimental measurements of the λ's and n in LXe are scanty and suffer from problems, better information is available for gaseous Xe at various pressures both for visible and VUV light [16] [17] [18] [19] .
One can then examine if optical properties for LXe can be derived from this information and if the extrapolated values can be trusted. The passage from a dilute gas to gas under high pressure or to the liquid phase implies a large variation in density. When this occurs non-linear effects come normally into play due to interatomic interactions.
THEORETICAL MODELS FOR THE OPTICAL

PROPERTIES OF NON-POLAR RARE GASES
The link between the microscopic and the macroscopic fluid properties is provided, in our case, by the so called Clausius-Mossotti relation [20, 21] . The Clausius-Mossotti (as a function of dielectric constant ε) and the Lorentz-Lorenz equation (as a function of the refractive index n) 1
where N A is the Avogadro's number and M is the molecular weight, provide a general relation, valid for dilute non-polar gases, among the gas index of refraction n(ω), the molecular polarizability α(ω) and the density ρ (units: g cm -3 ) or the molar density ρ m =ρ/M (units: mol cm -3 ). As we shall later see, A(ω) represents "the first virial coefficient". At higher gas densities and for the liquid and solid states, the simple equations (4) are in general no longer valid and non-linear effects come into play due to interatomic interactions. In this case the Clausius-Mossotti and Lorentz-Lorenz equations must be generalized into: (5) and one can use a so called "virial expansion" of the type:
where the suffix R indicates that A R , B R , C R are meant to be at optical and VUV wavelengths, unlike A ε , B ε , C ε which are meant to be at the limit of very large wavelengths. The different terms of the virial expansion can be interpreted as follows: A R represents the atomic polarizability, B R represents the interactions of two atoms, C R represents the interactions of three atoms, etc. If instead of dealing with optical properties one deals with the fluid equation of state, one often uses the "compressibility": Z = P RTρ m (7) where P, T are the gas pressure and temperature, and R is 1 n 2 = ε and n real are assumed to be at ω's far from the Xe anomalous dispersion region. the gas constant. For a perfect gas Z=1. For a real gas Z measures the deviations from the perfect gas behaviour. A virial expansion can be introduced for Z: (9) with coefficients which can be expressed in terms of the ones of (6). The expression (6) becomes simpler for Xenon taking into account the fact that this gas has no permanent dipole moment. It can be shown [16] that this reflects into an A R (ω,T) → A R (ω), no longer depending on temperature and:
The question is: can one use for xenon, whatever its pressure and state, the simple Clausius-Mossotti equation, so keeping only the first term of the virial expansion and a linear relation with density? We briefly discuss this point in section 5, after critically examining in section 4 the existing literature and the experimental measurements on the relevant Xenon properties.
EXPERIMENTAL MEASUREMENTS AVAILABLE FOR XE
Over the years several measurements were produced of quantities like the real and imaginary parts of the dielectric constant (ε 1 ,ε 2 ), the real and the imaginary part of the refractive index (n,k), the molecular polarizability α(ω,T,ρ), etc. over a large range of temperatures T and pressures P, from dilute gas to liquid and solid phases. We present and discuss the available data and papers.
EXPERIMENTAL DETERMINATION OF THE DIELECTRIC VIRIAL COEFFICIENTS OF ATOMIC GASES AS A FUNCTION OF TEMPERATURE [22]
State: gas. Temperature: T=323.15 K. Density: 0.13 < ρ < 0.79 g cm -3 equivalent to 10 -3 < ρ m < 6.0x10 -3 mol cm -3 . Method: Absolute measurement of the dielectric constant in capacitances (at low frequency). Result: Determination of the first three virial coefficients A ε , B ε , C ε . At 323.15 K A ε =10.122±0.002 cm 3 mol -1 , B ε =32±2 cm 6 mol -2 , C ε =-3482±310 cm 9 mol -3 . This measurement is made at very low frequency, so very far from the visible and the VUV region, and at densities which are much smaller than the one of LXe. Moreover, models were proposed for the dependence of B ε and C ε on the temperature T, which seem not to be confirmed by experimental data. It is remarkable that, if one, somewhat arbitrarily, computes the Clausius-Mossotti relation in the visible and at densities up to a density ρ m = 0.016 mol cm 3 using A ε , B ε , C ε of this paper, one finds that F LL is not very different from direct determinations closer to the specified region [23] and that B ε and C ε introduce terms which produce rather small corrections.
EXPERIMENTAL DETERMINATION OF THE REFRACTIVITY VIRIAL COEFFICIENTS OF ATOMIC GASES [23]
State: gas. Temperature: T=298-348K. Pressure: P< 4 10 2 Atm. Density: ρ m < 0.016 mol cm -3 . Method: measurement of the refractive index by a differential interferometric technique at λ=633 nm. Result: determination of the first three virial coefficients A R , B R , C R . A R =10.344±0.002 cm 3 mol -1 , B R =28.5±0.5 cm 6 mol -2 , C R =-1802.0±50.0 cm 9 mol -3 at T=348 K. The measurements were made in the visible region at densities close to the one of LXe. One observes that A R is not very different from A ε of the static measurement. The terms related to B R and C R are small with respect to the main A R one at LXe densities.
REFRACTIVE INDICES OF THE CONDENSED RARE GASES, AR, KR AND XE [17]
State: liquid and solid Xe. Temperature: T=30-178K. Pressure: p ≈ 1Atm. Density: ρ m = 0.0215-0.0280 mol cm -3 . Method: Measurement of the refractive index by a total reflection refractometer at λ=546.1 nm. It studies Xe in the liquid and solid forms and in the visible region. Result: determination of the refractive index and determination of A from the Lorentz-Lorenz function F LL . In LXe n~1.4 and A~10.5±0.025 cm 3 mol -1 at λ=546.1 nm. The value of A is remarkably similar to the ones in gas over a large density range. In a previous article [4] , similar measurements were performed also at different wavelengths (361.2 < λ < 643.9 nm). The Lorentz-Lorenz function, hence A, only varies ≈3% over the entire range studied; this implies that the variation of n is ≈1.5% in the specified region. 
FREQUENCY-DEPENDENCE OF SECOND
MEASUREMENT OF REFRACTIVE INDICES OF NE, AR, KR AND XE IN THE 253.7-140.4 NM WAVELENGTH RANGE. DISPERSION RELATIONS AND ESTIMATED OSCILLATOR STRENGTHS OF THE RESONANCE LINES [18]
State: gas. Temperature: T=290 K. Pressure: p ~ 1 Atm. Density: ρ m = 4.49x10 -5 mol cm -3 . Method: Measurement of the refractive index by a Fabry-Perot interferometer in the region 140.4 < λ < 253.7 nm. One of the few precise measurement of the refractive index in the VUV and close to the first Xe absorption line. We saw that in the visible region A(ω) is rather stable around 10.5 cm 3 mol -1 even for large density variations from dilute gas to the liquid and solid states. One can expect that in the VUV the same be true, although normal dispersion from the visible to the VUV region corresponds to a higher value for A(ω). From these measurements of the refractive index one can derive a A(ω)≈16.2 cm 3 mol -1 at 178 nm. The LXe refractive index, in the approximation of a Lorentz-Lorenz function linear in the density ρ, is predicted to be n~1.65 at 178 nm (see also Figure 2 ). 
MEASUREMENT OF REFRACTIVE INDICES OF LIQUID XENON FOR INTRINSIC SCINTILLATION LIGHT [7]
State: liquid Xenon. Temperature: T=161.36K. Pressure: p ≈0.81 Atm. Density: ρ m ≈2.26x10 -2 mol cm -3 . Method: Measurement of the refractive index by modification of the focalization of a lens when immersed in LXe, at λ = 180 nm. Result: n =1.5655±0.0024±0.0078. The quoted errors are probably underestimated.
EVOLUTION OF EXCITONIC BANDS IN FLUID XENON [19]
State: gas under pressure and liquid Xenon. Temperature: gas 275 < T < 292.7 K, liquid at triple point T=161.35 K. Pressure: gas 61.0 < p < 82.3 Atm, liquid at triple point p=0.82 Atm. Density: gas 7.6x10 -3 < ρ m < 1.45x10 -2 mol cm -3 , liquid ρ m = 2.26 10 -2 mol cm -3 . Method: Study of the real and imaginary parts of the refractive index by the reflection method, in the VUV wavelength region 115 < λ < 165 nm. Result: An important and precise study of the characteristics of the first Xe absorption lines and of their evolution as a function of the density. The appearance of new lines and the broadening and displacement of normal lines is interpreted as due to Wannier excitons (see at section 5). This can be clearly seen in Figure 1 which shows the real and the imaginary parts of the Xe refractive index as a function of the photon energy and (from bottom to top) for increasing densities (the curves labelled from a to f; the curve g is for LXe). The real part of n in the region of LXe emission at λ=178 nm cannot be easily extrapolated from these measurements, since one should know the complex n both at lower and higher wavelengths. The data are of a sufficiently good quality to allow a test of the linearity on ρ of the Lorentz-Lorenz function on a large range of densities (but at smaller wavelengths than the one of LXe emission). [25] (points) and the curve that best fits [18] (line) extrapolated to the liquid phase in the approximation of a Lorentz-Lorenz function linear in the density ρ (see section 4.5)
Figure 2. Comparison between the refractive index measured in
VUV OPTICAL CONSTANTS OF LIQUID AND SOLID XENON AT THE TRIPLE POINT [25]
State: liquid and solid Xenon. Temperature: 161.2 < T < 163.2 K. Pressure: p≈1 Atm. Density: ρ m = 2.27 10 -2 mol cm -3 . Method: Study of the real and imaginary parts of the refractive index by the reflection method, in the VUV wavelength region 112 < λ< 203 nm. Result: An important and precise study of the characteristics of the first Xe absorption lines and of their evolution in the passage from the liquid to the solid state. A larger range of wavelengths was studied; the LXe emission wavelength λ=178 nm (7.0 eV) is therefore included and the corresponding LXe refractive index is n=1.66. It is interesting to note that n=1.65 is the value extrapolated from the VUV gas measurements of Bideau-Mehu [18] , assuming a linearity of the Lorentz-Lorenz function with the density. The passage from liquid to solid Xe in the absorption region shows effects due to the Wannier excitons (see at section 5). The effect of the passage from liquid to gas can, on the other hand, be seen from Figure 2 in which we compare the refractive index measured in this article to the curve that best fits the Bideau-Mehu gas data, rescaled to the liquid phase (see section 4.5).
LIQUID XENON SCINTILLATION: LIGHT PROPAGATION AND DETECTION [26]
State: liquid Xenon. Temperature: T=170 K. Pressure: p≈1 Atm. Density: ρ m =2.25 10 -2 mol cm -3 . Method: Measurement of the index of refraction n and of the attenuation length λ att at the emission wavelength λ=178 nm by the study of light propagation in LXe over a variable path of ~10 cm. Result: n=1.69±0.02 and λ att =36.4±1.8 cm.
VUV LIGHT PROPAGATION IN LIQUID XENON
The observation that the simple Clausius-Mossotti equation (depending only on the first virial coefficient A R , whatever the fluid density and state) might be valid for noble gases has already been made [8] . At a closer look for Xe, it comes out that when one is approaching the region of the Xe photon absorption lines, the Clausius-Mossotti equation is only marginally valid, but it can be considered an acceptable approximation still at the LXe emission line. Xenon excited by ionizing radiation emits at λ=178 nm, that is photons with ω =7.0 eV . Photon absorption lines are at higher energies starting from about 8.4 eV. The index of refraction n and its absorbitive part k were extensively studied in the energy region from 7.8 to 8.8 eV over a wide pressure range, from dilute gas to the liquid phase [19] . It was observed that, when the density reaches high values, the absorption lines are distorted and broadened and a system of satellite lines appears, always at energies lower than the main lines. This phenomenon is explained in terms of exciton formation 2 [19] , [27] , [28] and can be immediately related to higher density terms in the virial expansion. As a consequence the Clausius-Mossotti relation is no longer linear in ρ m at photon energies close to the absorption lines. Nevertheless we checked that, when one moves to lower energies, the linearity in ρ m appears to be recovered and the values of α(ω,T,ρ m ) in (5) come out to be roughly the same, whatever the pressure. This means that in the virial expansion:
the higher order terms give small contributions and that the A R term dominates. Since, as already noted, some discrepancies exist among the optical data obtained by different authors, in LXe at 7.0 eV, no fully reliable value of optical parameters at 7.0 eV is available or can be extrapolated from higher energy measurements. The only conclusion we can reliably reach is that, in the energy region around 7.0 eV the simple Clausius-Mossotti equation is valid with good approximation and that this statement rests on experimental data. This is shown in Figures 3-7 where all the VUV results [18] [19] [20] were used to compute F LL =A(ω)ρ m , in the hypothesis of the validity of the simple Clausius-Mossotti equation. One can observe that for energies up to 8.1 eV the F LL data are well fitted by a linear dependence on the density, over quite a wide density range from dilute gas to liquid. A(ω), the slope of the fitted lines, corresponds to a rather constant value, up to 8.1 eV, as it appears in Figure 8 . At higher photon energies, hence closer to the Xe photon absorption lines, the fits become increasingly worse, the linear model is rejected (and the error on A(ω) is meaningless). One can therefore conclude that, when ω is reasonably far from the absorption region, most of the information obtained for gaseous Xenon in various physical conditions can be used for predicting the optical properties of LXe at the emission wavelength [8] . The experimental determinations of the refractive index in LXe, at the Xe emission wavelength of 178 nm [25, 26] and at 180 nm [7] , are presented in Figures 9a and 9b . The errors on n are the ones quoted in the papers with the exception of [25] , which has very small errors from point to point, but a systematic error on n which is not clearly stated; we assumed a systematic error of ~3%. The measured refractive index is compared with an extrapolated value we derived, based on the simple Clausius-Mossotti equation utilizing VUV data obtained in gas at low density [18] . One can observe a rather good agreement between the measured n and the extrapolated value. The measurement corresponding to [7] gives a n value at 180 nm which is somewhat low, but the experimental error, quoted in the paper, appears to us over-optimistic.
Since we assumed (and checked) the validity of the simple Clausius-Mossotti equation, the relation between n(ω) and A(ω) is fixed. We present in Figure 10 the dispersive behaviour of A(ω) as a function of the photon energy. The open circles are the VUV measurements [18] obtained at low density (p≈1 Atm). The dashed line is the fit to those points. The function used is:
with E= ω , P i the parameters resulting from the fit and E i the absorption line positions (P 1 =71.23 eV 2 cm 3 mol -1 , P 2 =77.75 eV 2 cm 3 mol -1 , P 3 =1384.89 eV 2 cm 3 mol -1 , E 1 =8.4 eV, E 2 =8.81 eV and E 3 =13.2 eV). The star symbols are the values of A(ω) corresponding to the fits of fig. 3, 4 , obtained over the large density range from dilute gas to liquid Xe. The experimental measurements of the refractive index n in LXe at 178 and 180 nm [7, 25, 26] are also shown by their corresponding A(ω), as black symbols. 
RELATION BETWEEN THE RAYLEIGH SCATTERING LENGTH AND THE REFRACTIVE INDEX
We discuss now the relation between the index of refraction n and the Rayleigh scattering length λ R . For dilute Xe a simple relation is valid [ 
where c is the speed of light, κ T is the isothermal compressibility, c v is the specific heat at constant volume and K is the Boltzmann's constant. This expression reduces to equation (13) in the case of dilute gases. Since Xenon is a non-polar fluid, the second part of equation (14) comes out to be negligible [4, 8, 16] . The derivative appearing in the first part of (14) σ n n . Figure 11 . λR vs n from equation 15 (black points). The average over the LXe emission spectrum is also shown (open points). The only available experimental measurement of both λR and n is compared with the prediction of our model. λ R vs n from equation (15) (black circles) is presented in Figure 11 . The input values for the refractive index n(ω) are the ones obtained from a fit to the low pressure VUV measurements [18] . The simple Clausius-Mossotti relation (4) (and its linearity as a function of ρ m ) is assumed to be valid. There are only two published measurements of the Rayleigh scattering length in LXe at 178 nm which gave λ R =29±2 cm [13] and λ R =36.4±1.8 cm [26] (in this last case the refractive index was also measured); we note that the two values are far apart. These determinations were obtained for light produced by radioactive source excitation of LXe. This means that the measured λ R is an average over the 14 nm fwhm LXe emission spectrum. In checking the validity of equation (15) an average over the LXe emission 3 To the best of our knowledge this relation was never previously applied to LXe spectrum must therefore be performed. In Figure 11 equation (15) is also shown after averaging over the LXe emission spectrum (open circles); the differences between the two curves are small. In the same figure the only available experimental measurement of both n and λ R [26] (black square) is compared with the extrapolated values for the same two quantities (open triangle) obtained, as already explained, from the low-pressure VUV data and the Clausius-Mossotti relation.
In the case of small amounts (ppm) of other rare gases, like Ar or Kr, added to Xe, equation (15) preserves its validity and λ R does not vary appreciably. This is not true in the case of absorbing contaminants, as it was shown during the tests of the large prototype detector [1] .
CONCLUSIONS
The experimental determination of LXe optical properties at the λ=178 nm emission line is not sufficiently complete and reliable. The literature on optical characteristics of Xe in other spectral regions and at various densities is critically examined. These data can be used to evaluate the refractive index n and the Rayleigh scattering length λ R in the VUV for LXe since the validity, with good approximation, of the simple Clausius-Mossotti relation is confirmed from dilute gas to liquid densities. A useful relation is derived which directly links n and λ R .
